We present a numerical model of scintillator nonproportionality based on rate equations including carrier and exciton transport in assumed cylindrical electron tracks, solved by finite element method. Framed in volumetric excitation density n, these coupled rate equations describe hot and thermalized carrier transport, bimolecular exciton formation, carrier capture, and nonlinear quenching processes expressed in terms of physical rate constants and transport coefficients that have been measured and/or calculated independently of scintillation measurements in the example of CsI:Tl. The set of equations is solved in the spatial non-uniformities of an electron track and in times spanning the cooling of hot carriers up through thermalized transport and capture. The solution of the rate equations is combined with GEANT4 simulation of electron tracks to model electron energy response from the SLYNCI Compton-coincidence experiment.
INTRODUCTION
Nonproportionality of inorganic scintillators has been studied intensely in the past decade [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , driven by the need for radiation detectors with good energy resolution. At the same time, there is interest in fielding such high-resolution gamma and neutron detectors at low cost, which further stimulates theoretical and experimental searches among a wide range of materials. Having a good numerical model with validated parameters is important to the scintillator community because it can in principle replace many experimental trials and errors. Among the numerical models being developed for scintillator nonproportionality, three important ones are mentioned here. The NWEGRIM and kinetic Monte Carlo (KMC) model developed by Kerisit et al. [3, 4] keeps track of the evolution and final fate of every electron/hole produced in a realistic track. It could be the gold standard for modeling when all the mechanisms and parameters have been validated. Such calculations require large computational resources. The empirical model developed by Payne et al. has been very useful and instructive in development of the field [1, 2] . It achieves simplicity of 3-parameter fitting by framing the model in linear energy deposition rate dE/dx instead of volumetric density n. However, the framing in terms of dE/dx amounts to neglecting the track radius and its variation along the electron track and as a function of time due to carrier diffusion. The connections between the fitted Birks, Onsager, and free carrier fraction parameters and independently measurable physical constants are not direct. The model described in this paper makes approximations mainly of the spatial track structure in order to achieve computational economy. We expect to show that the approximate model retains many of the important determiners of proportionality according to validation tests. It allows easy physical conceptualization and relative computational economy. In 2011, our transport and nonlinear quenching model gave a reasonably good account of trends in the nonproportionality of oxide scintillators as a function of effective ambipolar diffusion coefficient D eff based on calculated effective masses. However such a model based on diffusion of thermalized carriers was found to be insufficient in describing halide scintillators [5] , as had also been noted with respect to an earlier empirical trend of nonproportionality that was successful mainly in oxides [6] . The halides generally have hole selftrapping and relatively slow thermalization of hot electrons, and these properties seem critical for their characteristic scintillation response. In 2012, we made the first attempt to simulate the electron energy response of halides by combining GEANT4 [17] simulations of electron tracks [7] . But at the same time several groups including ours [8] [9] [10] , following the lead of Wang et al. [3, 4] , had noted the important role of hot electron diffusion in determining the early distribution of electrons and consequent charge separation. In this paper, the rate equation model containing both hot and thermalized carrier transport is used for the first time to calculate electron energy response from testable physical parameters for comparison to Compton coincidence [11] and K-dip experiments [12] . To collect all the required parameters for the rate equations is usually challenging. Fortunately the picosecond absorption [13] and inter-band zscan [14] experiments at Wake Forest along with published mobilities [18] and hot electron thermalization simulation [3, 4] to calculate hot electron diffusion coefficients D hot provide a nearly complete set of parameters for CsI:Tl scintillator. As the first example and validation of the parameters of this model, we will concentrate on modeling CsI:Tl scintillator in this paper. segments of such a track appear reasonably straight in typical simulations, and the aspect ratio, whether with the 3 nm or 50 nm radius, suggests a cylinder. Aside from approximate straightness over length segments significantly larger than the radial dimension, a second sense in which the cylinder assumption must be examined concerns the clustered or clumpy distribution of distributed energy along the length of the track. As Vasile'v pointed out [15] , an electron track consists of clusters of roughly 4 to 7 electron-hole pairs each, depending on the electron energy, along with delta rays having larger energy and more of a linear sub-track. Because the carrier densities are continuous along the axis in our cylindrical model, the cylinder assumption becomes increasingly suspect at the high electron energy end where the separation of the clusters is about 100 nm [15] . One of the major developments resulting from this model is the importance of the positive line charge formed by the self-trapped holes in alkali halides near the core of the track. The collective effect of holes in the line charge potential, even when screened by an equal number of free electrons, is much longer range than the potential in 3-d of a single hole or a screened spherical cluster, relative to the conventional Onsager radius typically considered in models of scintillator nonproportionality. The cylindrical model, despite some flaws, better captures the collective electrostatic effect of a line of self-trapped holes along the track core in alkali halide scintillators, in our opinion. The results to be presented show the substantial effect of the collective cylinder of holes on axis in reclaiming some electrons thrown out during the rapid diffusion of hot electrons in alkali halides. We are in the process of working on an upgraded model that addresses the cluster nature of the electron tracks; however the results from such modeling are beyond the scope of this paper.
Rate equations
When we solve the rate equations in cylindrical coordinates with azimuthal symmetry, the problem reduces approximately to one dimension radially for any segment along the track axis which has an excitation density proportional to dE/dx and inversely proportional to the square of the track radius at that linear position. The set of coupled and diffusion-limited rate equations that we take to describe the main physical mechanisms affecting light yield and its proportionality to initial electron energy is as follows: 
MODELING METHODS

Cylindrical assumption
The model at this stage assumes cylindrical electron tracks. This approximation achieves substantial simplification of the calculations, reducing the spatial problem to essentially one radial dimension where the average initial excitation density varies relatively slowly along the length of the track according to dE/dx. The cylindrical symmetry allows for approximate use of Gauss's law to evaluate electric fields in certain circumstances. Finally, it lends itself to physical conceptualization of some of the important transport phenomena and how the spatial distribution of carriers as a function of time interacts through the nonlinear rate terms, with the possibility to deduce "rules of thumb" for anticipated scintillator behavior. Realistic electron tracks are meandering over their length, as shown in simulations such as by Geant4. A 150 keV electron track in NaI has a length in the range of 50 μm with reasonably straight stretches of ~ 5 to 20 μm between kinks or sharp turns up until almost the track end. The STH core radius is estimated to be about 3 nm in NaI [14, 15] , and the peak in the radial distribution of thermalized hot electrons is about 50 nm [3, 4] . Most 1-μm Note that the exciton loss term Bn e n h from the free carrier equations is the source term for the exciton equation, Eq. (3), where N is the volume density of excitons, which in most halide scintillators will be self-trapped excitons (STE) since the holes in Eq. (2) are presumed already self-trapped. C EX is the exciton thermal dissociation rate. R 1 is the exciton radiative decay rate, and Q 1 is the overall exciton non-radiative decay rate (for example thermal quenching). S 1N is the activator trapping rate for diffusing self-trapped excitons. Equations (4-6) describe the activator trapped carriers. n et , n ht , and trapped excitons N t . In the specific example of CsI:Tl, they would be, respectively, the volumetric density of trapped electrons (Tl 0 in CsI:Tl), trapped holes (Tl ++ in CsI:Tl), and trapped excitons (Tl +* in CsI:Tl) respectively. C et /C ht are the thermal release rates for the trapped carriers, R et is the recombination rate between the trapped electrons and free holes. R t is the trapped exciton radiative decay rate. In the near future we expect to solve all six equations in the diffusion limited system. At the time of this report, we have done so for only the first three equations. Strictly speaking, Eqs. (1-3) can provide an accurate description including decay time kinetics only of undoped excitonic scintillators, such as undoped CsI among halides and CdWO4 among oxides. However, as an interim approximate test of some of the main concepts of hot carrier dispersal, resulting charge separation from the self-trapped holes, and collection again in the extended electric potential of their positive cylinder charge, we will apply Eqs. (1-3) to simulate available data of the Compton-coincidence proportionality curve of CsI:Tl measured in the SLYNCI experiment [11] . The scintillation decay times of CsI:Tl cannot be gotten right without including Eqs. (4-6). But the results described below suggest that many of the important processes governing nonproportionality of yield in CsI:Tl are already captured in Eqs. (1-3) . The first three equations appear to govern most of nonproportionality because they contain all the nonlinear "loss terms" dependent on densities of carriers and their overlap and on density of excitons. It has previously been shown that in CsI:Tl nonlinear quenching occurs in the STE population but not in the excited (Tl + )* population [16] . We solve the first three equations and get the light yield at each density, which we define as local light yield Y L (n 0 ). The slow thermal exciton dissociation represented by the C terms are neglected in the following.
Hot and thermalized electron transport
Holes are assumed to self-trap very quickly in CsI:Tl, often approximated as instantaneous [19] . As discussed by Wang et al and others [4] , the electrons excited in heavier halides by high energy particles take several picoseconds to thermalize, because of their low optical phonon frequencies. For the present, we introduce electron temperature into the diffusion term of the electron rate equation by specifying D to be the ordinary thermal diffusion coefficient D th after the thermalization time, and to have a larger value D hot for times less than the electron thermalization time. In the hot electron stage, the electrons carry so much kinetic energy that they can diffuse outwards because of the strong concentration gradient without being confined much by the electric field of the self-trapped holes left behind. The KMC code developed by Kerisit et al. simulated the hot electron thermalization in different materials [4] . For CsI, the peak of the radial distribution at thermalization was calculated at 50 nm. The thermalization time for the majority of the carriers is found to be around 4 ps, which matches well with results from picosecond absorption experiments [13] . We chose the coefficient of the hot electrons, D hot such that the hot electrons will diffuse to a radius of 50 nm in 4 ps before thermalization. In the thermalized electron stage, the diffusion coefficient of the electrons is calculated from the experimental value of the thermalized electron mobility [18] .
Modeling electron energy response
Solution of the rate equation model gives light yield as a function of initial excitation density n 0 on axis of the track, Y L (n 0 ), which we call the local light yield. This quantity cannot be directly compared to experiment. In order to obtain the electron energy response, i.e. light yield Y e (E) as a function of initial electron energy E, GEANT4 simulations are performed to get the probability distribution as a function of excitation density, F X (E,n 0 ), for electron tracks with different energies. The electron energy response is then calculated by the following integral over all initial excitation densities:
Equations (1) and (2) are free carrier rate equations, where n e and n h are volumetric densities of free electrons and holes. G is the excitation generation term, and is assumed for the present calculations to be an instantaneous 3nm Gaussian profile for both electrons and self-trapped holes (STH) [14, 15] . neglected the STH diffusion. However it is consequential for the mid-range (~3 μs) decay time of the scintillation pulse and will be included in future simulations. During the rapid radial diffusion of hot electrons immediately after excitation in CsI:Tl, ultrafast separation of hot electrons from the track core of self-trapped holes turns off the third order Auger quenching between the free carriers after a time that our calculation shows to be of order 40 fs. Because the hot electrons expand uniformly everywhere along the electron track, there is no strong nonproportionality established in the hot electron stage. Such charge separation also produces an electric field that tends to pull the electrons back after thermalization. This walking back process leads to electron-hole recombination eventually but it has to compete with the deep electron traps along the way. At high excitation density toward the end of the track, the strong line charge potential of the dense concentration of self-trapped holes there pulls the electrons in more quickly than at the sparser populated beginning of the track. This dependence of the rate of recapture of dispersed electrons on excitation density in the track, competing with the rate of capture on deep traps, gives rise to a rising light yield of scintillation along the track from low to high excitation density. In a Compton-coincidence measurement of electron energy response, this amounts to a rising light yield as the initial electron energy decreases. This is a separate physical mechanism with separate parameter dependence on mobility and deep trapping, compared to the conventionally cited Murray-Meyer [20] or Onsager [1, 2] competition between bimolecular exciton formation rate and deep trapping. Both can in principle contribute to the halide hump in electron energy response. The former occurs only when there is an electron track and hole self-trapping. The latter will occur even in a uniform excitation with no spatial gradients and no STH. As the electrons are being collected in the electric field of the core of STH, the original track is approximately reconstructed, and the self-trapped holes retain the memory of the initial track radius. Because the electrons by then have thermalized and excitons are therefore formed from electrons entering the central core of STH, the dominant quenching process is now second order dipole-dipole quenching. The deep trapping effect and the counteracting trend originated from the nonlinear quenching cause carrier loss in both low and high excitation regions, which produces the typical "halide hump" in the electron energy response. The mechanisms mentioned above are summarized in Fig. 1 . 
Simulated electron energy response of CsI:Tl
The set of parameters used as inputs in our simulation and their sources are listed in Table 1 . Note that the electron capture rate on deep centers, K 1e , is not directly available from the literature, so we chose the value that gives the best fit and then checked it by calculating the total light yield of a 662-keV primary electron with this value. The calculated total light yield is found to be 30,000 ph/MeV while the experimental value is 57,000 ph/MeV at 662 keV [21] . The difference is from the fact that we neglected the activator trapped carrier rate equations, so more carriers are quenched to deep centers instead of being captured by the Tl centers in our simulation. Nevertheless, we take this K 1e value as a reasonable one and use it for further calculations.
RESULTS AND DISCUSSION
Line charge collection and the "halide hump"
The hot electron stage produces a strong charge separation between the self-trapped holes occupying the track core of roughly 3 nm radius and highly mobile hot electrons that disperse to a peak at 50 nm radius in CsI. In this study, we have Ref. [18] Ref. [18] Ref. [4] Ref. [13] AY 662 Ref. [14] Ref. [14] The simulated electron energy response curve is shown in Fig. 2 . With 6 out of 7 parameters directly from the literature, we obtained a close of the SLYNCI results. This result seems to validate our earlier hypothesis which suggests the host materials have more dominant control in nonproportionality than activators. It also confirms and illustrates the phenomenon of collection of a good fraction of dispersed hot electrons by the core of self-trapped holes, implying an initial outward radial rush followed by an inwardly directed electron current. Without the positive line charge potential that draws the electrons in, many fewer thermalized electrons could recombine with the self-trapped holes and the simulated electron energy response would be very different from SLYNCI results. The fit we achieved in Fig. 2 was better than we should have expected. As pointed out in the beginning, the model with only Eqs (1-3) is not correct for CsI:Tl. Our next project will be to make a fit of Eqs. 
Dependence on material parameters
Investigation of how the nonproportionality depends on each individual parameter could be useful for designing new scintillator materials. In Fig. 3 , nonproportionality dependence on the rate constant for deep electron trapping, K 1e , is shown. We notice that in order to get a more proportional response, a smaller K 1e is required. For example, one can use defect control to change the concentration of different types of deep trapping centers. If the concentration of the most relevant defect can be suppressed, one might be able to improve the nonproportionality significantly. Our simulation suggests the origins of the "halide hump" as discussed above. Furthermore, it also sheds light on the fact that alkali halides are subject to sample to sample variations more significantly compared to other scintillators. The different defect concentration between samples can be translated into different deep trapping rate K 1e . This difference is easily revealed in alkali halide materials as simulated in Fig. 3 where deep trapping produces significant loss of light yield. Dependence on second order dipole-dipole quenching rate K 2 (t) is plotted in Fig. 4 . As discussed earlier, hot electron diffusion turns off third order Auger quenching rapidly and K 3 has a very weak control on the overall nonproportionality. Dipole-dipole quenching which happens when the electrons are collected back and recombine with the STH concentration in the track core is the main source of nonlinear quenching in our simulation. We can see the increasing second order quenching rates produce stronger roll-off trend toward the low energy region. They also shift the peak of the nonproportionality curve toward the high energy end. . Simulated electron energy response curves for changing dipole-dipole quenching rate K 2 (t). Curve in the middle (cyan) used the experimental value of K 2 (t) from Refs. [13] and [16] .
